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P L A S M A  L A Y E R  

We cons ide r  the oblique inc idence  of a s inusoidal  e l e c t r o m a g n e t i c  wave (with the e l e c t r i c  
v e c t o r  in the plane of incidence)  on a pa rabo l i c  l aye r  of a p l a n e - l a y e r e d  i so t rop ic  p l a sma .  
The r e f l ec t ion  and t r a n s m i s s i o n  f a c t o r s  a r e  obtained, and a lso  the e l e c t r o m a g n e t i c - p l a s m a  
wave c o n v e r s i o n  fac tor .  

L Cons ider  the oblique inc idence  of a s inusoidal  wave,  with the e l ec t r i c  v e c t o r  in the plane of i nc i -  
dence,  on a pa rabo l i c  l aye r  of  a p l a n e - l a y e r e d  i so t rop ic  p la sma .  The e l e c t r i c  and magne t i c  waves  in the  
p l a s m a ,  in this  ca se ,  a r e  d e s c r i b e d  by the following equat ions  [1]: 

i o//~ E~ i OH~ (1.1) H~ ~ G(z) ei(~t-~oV), Ey = --  ~ ,  az "' ~ '  ay 

d~ e't de'dz dGdz + Q'2 (# --  %2) G = O  (~--'-~-~, -- c ' (o=2rt[) (1.2) 

H e r e f  is the f requency ,  c is the speed  of  light, 00 is the angle  of  inc idence  of  the wave  on the l aye r ,  
e '  is  the complex  d i e l ec t r i c  constant ,  f .  is the c r i t i c a l  f requency ,  and Zm is the ha l f - t h i cknes s  of the l aye r .  
We a s s u m e  that  the abso rp t ion  s is cons tan t  along the  l ayer .  The c a s e  of  a l inea r  l a y e r  ha s  been c o n s i d e r e d  
in deta i l  in [2]. The c a s e  of  a s e c o n d - o r d e r  z e r o  (s = 0 , f  = f . ,  ~' = ~ = z2/z2m) was  p a r t l y  c o n s i d e r e d  in 
[3]; however ,  the field was  c o n s i d e r e d  m a i n l y  in the r eg ion  e '  = 0. The  r e f l ec t i on  and t r a n s m i s s i o n  f a c t o r s  
w e r e  not ca lcu la ted  expl ic i t ly  and w e r e  not analyzed.  Since the  wave equat ion can be so lved  a c c u r a t e l y  for  
e '  = z2/Zm2 , it is of spec ia l  i n t e r e s t  to  obtain these  f ac to r s .  We t h e r e f o r e  cons ide r  t hem f i r s t .  

2. C o n s i d e r t h e p a r t i c u l a r  c a s e  

~' = e = z ~ / z m  ~, s = O, / = / ,  

With these  a s s u m p t i o n s  Eq. (1.2) b e c o m e s  

d~C Q dG (2.1) 
dz - - T  + -7- - ~  + (a + bz ~) G -- 0 

In this  c a s e  the a r b i t r a r y  p a r a m e t e r s  Q, a, and b take  the  va lues  

Q = - 2 ,  a = -~2(zo2 , b = o3, 3 / C2Zm 2, (% = 2h i ,  

The G (1) and G (2) solut ions  of this  equat ion can be e x p r e s s e d  in t e r m s  of Whi t taker  funct ions  [4] 

G 0) (iT) = e -i':~ (i)~"~V'W_.a, ~ (iTe --~) ~ "~'/~,e '/~i'~ (l -~ 0 (T-l)) (I v I -~ ~) 

G (~) (i~) = ( i ) -~ ' / 'W~,  ~ (i~) ~ ~'/~2e-'/0~= (1 § 0 (T-l)) (1TI-~ ~o) 
"r = z~b'/o = 2:tz2/k,zm, ~,~ = c / f . 

~1 = 1/, (r e _ rl), Ft = 1/, (Pl --P2), rl,~ = 1/e (l ~ iab-V~) 

(2.2) 
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H e r e  Pl  and  P2 r e p r e s e n t  the  b e h a v i o r  of  the  so lu t i ons  in the  ne ighborhood  of  the  o r d i n a r y  s i n g u l a r  
po in t  of  the  equa t ion  z = 0, and can  be o b t a i n e d  f r o m  the  def in ing  equa t ion  

9 (9 - -  1) + 9 Q  = 0 (2.3) 

If the  i nc iden t  wave  p rop jaga te s  f r o m  the s i de  z < 0, then G ( 2 ) d e s c r i b e s  a t r a n s m i t t e d  wave  for  z > 0o 
C o r r e s p o n d i n g l y ,  for  z < 0, G~2Jdesc r ibes  a r e f l e c t e d  wave  and G(1) d e s c r i b e s  an inc iden t  wave .  S t a r t i ng  
f r o m  Eqs .  9.120, 9.231 (2), and  9.232 of [4], we can  ob ta in  

2~ie -~'~ W ~ v.(ze-~) - -  (q+2cos 2a~ + e -~2~'~) W~. ~ (z) (2~ 
W ~ ,  v. (ze+-~2=) - -  r (~/2 + ~ - -  ~1) r (11~ _ ~ _ ~) 

q+ : 1, q_ = 0 ( I ' - - i s  agamma function) 

(A f o r m u l a  for  W~7 ,ff(zei~'rr), i s  g iven  in [3], but due to a m i s p r i n t  e i27rv i s  w r i t t e n  for  the  s econd  t e r m . )  

F r o m  (2.2) and  (2.4) the  fo l lowing r e l a t i o n s h i p  be tween  the  s o l u t i o n s  G (1) and G (25 i s  ob t a ined  on the  
p o s i t i v e  and n e g a t i v e  s e m i a x e s  z: 

2~ ( i)-2~G (1) (iv) 
G(2) (i't'e+-~2=) : - -  r (1/2 _L ~s __ T]) V(1/2 - -  ~[~ - -  ~]) - -  [ (q~-  2 C 0 S  2 ~  -~- e -'~2'~'5') G (2) ( [ '~)  (2.5) 

Equa t ion  (2~ in p a r t i c u l a r ,  g i v e s  the  r e l a t i o n s h i p  be tween  the  a s y m p t o t i c  so lu t ions  of Eq. (2.1) on 
the  p o s i t i v e  and nega t ive  s e m i a x e s  z, a s  I ~- I ~ ~.  As  can  be s e e n  f r o m  (2.5), the  n a t u r e  of t h i s  r e l a t i o n  
ship  depends  on the  d i r e c t i o n  in which  po in t  z i s  c i r c u m v e n t e d ( o v e r  the  upper  (q+) o r  l o w e r  (q_) h a l f -  
p l a n e s  of  the  c o m p l e x  z - p l a n e ) .  Th i s  m e a n s  tha t  the  s o l u t i o n s  i n  z = 0, g e n e r a l l y  speak ing ,  have  a b r a n c h  
poin t .  Hence ,  in g e n e r a l ,  the  p r o b l e m  a r i s e s  a s  to the  c o r r e c t  c h o i c e  of  the  d i r e c t i o n  in which  one c i r -  
c u m v e n t s  the  po in t  ( s ee  s e c t i o n  (4.5). T h e  fo l lowing  e x p r e s s i o n s  a r e  o b t a i n e d  f r o m  (2.5) for  the  a m p l i t u d e  
r e f l e c t i o n  f a c t o r  R (the r a t i o  of t he  r e f l e c t e d  wave  a m p l i t u d e  to the  inc iden t  wave  ampl i tude )  and for  the  
transmission factor D: 

D = (2~)-~e~=(~ -~) F (1/2 - ~  ~ - -  1]) 1 ~ (1/' 2 - -  ~ - -  1]) 

R = eW~ (q+2cos 2g~ + e -~2:~) D (2.65 

In the  c a s e  c o n s i d e r e d  Q = - 2 ,  # = 3 /4 ,  cos  2w# = 0, i . e . ,  the  d i r e c t i o n s  of  r o t a t i o n  a r e  equ iva len t .  
Subs t i t u t ing  the  a c t u a l  e x p r e s s i o n s  for Q, a, and b in (2o6), and  a l s o  us ing  the  p r o p e r t i e s  of  g a m m a  func t ions  
[ see  [4], Eq~ 8.331, 8.335 (1), and 8.332 (2)], we can  ob ta in  the  fo l lowing  e x p r e s s i o n s  for  the  r e f l e c t i o n  
f a c t o r  [ R[ z ( the r a t i o  of  the  r e f l e c t e d  wave  i n t e n s i t y  to the  i n c i d e n t  wave  in tens i ty )  and the t r a n s m i s s i o n  
f a c t o r  IDI 2: 

] ~ l  2 e h __ 1 h = 2 n 2 ~ - ,  ~o  2 ( 2 . 7 )  
l + d L  ' IDI ~ t+et~ , 

H e n c e  we s e e  tha t  for  s = 0 and f = f ,  t h e r e  i s  no a b s o r p t i o n  in the  r e g i o n  of the p o l e s  
([R[ 2 + [D[2 = 15, and  the  p r e s e n c e  of an in f in i te  e l e c t r i c  v e c t o r  a m p l i t u d e  (IEz[ ~ 1/zZ,[Eyl  ~ 1 / z  a s  
z --'05 m u s t  be r e g a r d e d  as  the  r e s u l t  of a t r a n s i t i o n  p r o c e s s  [1]. Pu t t i ng  G = wel /2  Eq. (2.1) t a k e s  the  f o r m  

dz~ + q2w = O, q2 _ ~_ __ ~o2 
z ~ T 

F i g u r e  i shows  q2 a s  a func t ion  of z. In t he  above  c a l c u l a t i o n  we have  i g n o r e d  r e f l e c t i o n  f r o m  the  
jump  d s / d z  at  the  po in t s  z = •  Th i s  is  v a l i d  when (z m -  z 0 ) / X .  >> 1 (F ig .  1) and the  t r a n s i t i o n  to 
s = 1 can  be s m o o t h e d  out in the  s a m e  way.  T h i s  cond i t ion  f o r m a l l y  l i m i t s  the  a p p l i c a b i l i t y  of  (2~ to l a r g e  
00. H o w e v e r ,  in p r a c t i c e ,  t o t a l  r e f l e c t i o n  f r o m  the l a y e r  beg ins  at  v a l u e s  of 0 o fo r  which (2.7) ho ld s .  If, 
a s  an e x a m p l e ,  for  z m / ~  , = 10 i t  i s  r e q u i r e d  tha t  (z m -  z0)/Zm-> 1/2 ,  the cond i t ion  0o---30 ~ (h-<48.8) m u s t  
be s a t i s f i e d ,  In fact ,  t o t a l  r e f l e c t i o n  o c c u r s  for  00 < 30". 

3. Le t  us c o n s i d e r  the  r e l a t i o n s h i p  be tween  t h e  a s y m p t o t i c  so lu t i ons  in the g e n e r a l  c a s e .  F o r  a 
p a r a b o l i c  l a y e r  Eq.  (1.2) h a s  t he  f o r m  

d2G ( 1 t ~ dG ~ Q2 dzO , ~ + ~ / ~ T  [u 2(z 2 -z l  ~)-~0~]G=0 

357 



Fig. 1 

Fig. 2 

z~2 = zr~2 [l  - P - - i s ) ]  u ~ /,2 f-~ (i ' -- Pzm 2 (3.1) 

In m o r e  gene ra l  f o r m  this  equat ion is of the following type:  

d~-G Qz dG (3.2) 
dz~ -+- +(a + bz ~) G = 0 

z 2 - -  z l  ~ dz 

where  Q, a, and b a r e  a r b i t r a r y  p a r a m e t e r s .  When z 1 = 0 it r e d u c e s  to Eq. 
(2ol), which is a p a r t i c u l a r  c a s e  of (3.2). Le t  us c o m p a r e  these  two equat ions .  

Equat ion  (2.1) does not change when z is r e p l a c e d  by zeir176 It has  two 
s ingu la r  points :  an i n t r i n s i ca l ly  s ingular  point  at z = oo and an o r d i n a r y  
s ingular  point  at z = 0. I ts  a sympto t i c  so lu t ions  [see (2.2)] for  l a r g e  I r I for  
z > 0 and z < 0 a r e  r e l a t e d  by e x p r e s s i o n  (2.5)~ As seen  f r o m  (2.5), the f a c -  
t o r s  in the a sympto t i c  solut ions  depend only on the p a r a m e t e r s  Pl,2 and rl,2, 
which c h a r a c t e r i z e  the s ingu la r  points  ~ = 1/t (P l -P2 ) ;  ~ = 1 / t ( r z - r l ) ]~  The 
ef fec t  of the pole  at  z = 0 (and consequent ly ,  of  the s ingular  point of the s o l u -  
tion) on this  r e l a t ionsh ip  o c c u r s  only th rough  the va r i a t i on  in t~ �9 Thus,  if we 

put Q = 0 in (201), i .e . ,  we cons ide r  the equat ion without  the pole,  we m u s t  put ~ = 1/4 in (2.5), s ince  in this  
c a s e  Pl = 1, P2 = 0. H e r e  r l ,  2 and ~? do not va ry .  

Equat ion  (3.2) does not change  when z is r e p l a c e d  by ze i r  It a lso  has  an in t r ins ic  s ingular  point  at 
z = ~, and its asvrapto t ic  solut ions  for  l a rge  [ r  ] ([ z [ > [ z l l )  have  the s a m e  pr inc ipa l  t e r m s  as for  Eq. 
(2ol), i .e . ,  r r l , 2 / 2  e~-ir/2 , and a r e  r e p r e s e n t e d  by the s a m e  r l ,  2 = 1/~ (1 • [5]. It only d i f fe r s  f r o m  
(2.1) in tha t  it has  two s imple  poles  at  the points  z=  •  which m e r g e  into a s ingle s imple  pole  as  z 1 --* 0, 
or ,  in o ther  words ,  two o r d i n a r y  s ingu la r  points  z = •  which m e r g e  into one, l ikewise  o rd ina ry ,  s ingular  
point  as  z 1 - -  0. Equat ions  (2~ and (3.2) a r e  e s s en t i a l l y  of  the s a m e  type.  

It is t h e r e f o r e  natura l  to sugges t  that  for  Eq. (302) the connec t ion  between the a sympto t i c  solut ions  is 
given by the s a m e  e x p r e s s i o n  (2.5) as  fo r  Eq. (2.1), but with ~ r e p l a c e d  b y # ' ,  whe re  the p a r a m e t e r  #'  m u s t  
r e p r e s e n t  two n o r m a l  s ingular  points  (z ~ • z 1) in the s a m e  way that  each  # c h a r a c t e r i z e s  one o r d i n a r y  
s ingu la r  point  (z = 0). It is obvious  t h a t , '  depends on z 1 a n d # '  = #  when z l =  0. Cor re spond ing ly ,  in the 
gene ra l  c a s e  the ampl i tude  r e f l ec t ion  f ac to r  R and the ampl i tude  t r a n s m i s s i o n  f ac to r  D a r e  d e s c r i b e d  by 
(2.6) w i t h #  r e p l a c e d  b y # ' .  Hence ,  the p r o b l e m  r e d u c e s  to d e t e r m i n i n g p ' ~  Note that  the condi t ion Izl > Iz 1] 
r e d u c e s  to the  condi t ion Iz 1 [ < z m ,  which i m p o s e s  l imi ta t ions  on the r eg ion  of f r equenc ie s  cons ide red .  

Sett ing G = w ( z 2 - z l 2 ) l ~ ,  Eq. (3.1) r e d u c e s  to the f o r m  

dz~ q- --  4 (z -- zi) 2 4zi (z -- zl) 4 (z + zl) ~ -~ 4zl (z + z 9 

I ts  so lu t ions  in the ne ighborhood  of  the points  z = +z  1 a r e  

y , = ( z - - z , )  ~ , C ~ ( z , ) ( z - - z , )  ~, x ,=(z--}-z , )P '  ~,  ( - - t )~C~(z , ) ( z - [ - z , )  ~ 
k ~ 0  k=O 

co 

Y2 = ryl In (z --  zi) @ (z - -  zi) ~' ~ d R (zi) (z - -  zi) R 
k = 0  

co 

x2 = rxi  In (z + zi) ~- (z -~ zi) ~= '~  (--  l)kd~ (zi) (z + z,) k 
k=O 

91=a/2, 92 = - 1 1 2 ,  Co= t, d o = - - t / 2 ,  1 " = - - ~  ao~/~t 

(3.4) 

w h e r e  r is d e t e r m i n e d  by the F r o b e n i u s  method.  As  can ea s i l y  be shown f r o m  r e c u r r e n c e  r e l a t i ons ,  Ck(z 1) 
is an even function of  z 1 if k is even, and is an odd function if k is odd. To de r ive  ~' it is convenient  to use 
m a t r i x  notation.  We se t  

Yzl 1 xl y = Yl X = (3.5) 
X2 
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The linearly independent solutions Y after going around both singular points along contour 1 (see Fig. 
2) reduce to the solution Y', where 

Y "  = C Y ,  C = II cj ~ I] 

w h e r e  C is a nons ingular  cons tan t  ma t r ix .  In p r inc ip le ,  we can choose  a pa i r  of solut ions  

(B is a cons tan t  nons ingular  mat r ix )  such that  af ter  going a round  the s ingu la r i t i e s  a long contour  1 e i ther  

v ~ " =  ~l'Vl, v 2 " =  ~2'v~ 

(if C is s im i l a r  to a diagonal  mat r ix)  o r  

?)1 't : ~1'?)1' ?]2" : Q lVl  -@ ~'lb'2 

(if C is not s i m i l a r  to a diagonal  mat r ix ) .  H e r e  ~1', and }{ a r e  c h a r a c t e r i s t i c  number s  of m a t r i x  C, i .e . ,  
t hey  can be obta ined  f r o m  the equat ion 

c1~ c1~ ~, = 0 (3.6) 
C21 Cp.~ - -  

The m a t r i x  C depends on the cho ice  of  the pa i r  of solut ions ,  but ~l" and ~2' do not. The  n u m b e r s  ~l', 
and ~2 t a r e  d e t e r m i n e d  only by the na tu re  of  the s ingular  points .  If a s i m i l a r  cons t ruc t ion  is c a r r i e d  out for  
one s ingu la r  point  and a p p r o p r i a t e  c h a r a c t e r i s t i c  n u m b e r s  ~t and ~2 a r e  obtained, then, as  is well  known [6], 

ln~l ln~ t / 1 , ~ i  , 
) 

w h e r e  n 1 and n 2 a r e  c e r t a i n  in t ege r s .  Hence  for  two s ingular  points  

t t ~" l) (3.7) 

The va lue  of the in teger  l m u s t  be chosen  f r o m  the  cond i t i on# '  (z~) =#  with z~ = O ( see  below). To 
obtain  C we note that  

Y '  __ Y ((z - -  h ) e  i~=) = T Y  (z - -  h )  (3.8) 
X" =_ X ((z + a)e~'.)  = T X  (z + h )  

Y = A X ,  T = t[tjh[], tll = t22 = ei~=% t~ = i2~re~2~% tl~ = 0 

while the e l e m e n t s  a j k  of m a t r i x  A (which r e l a t e s  the solut ion X to the solut ions Y) can be found f r o m  the 
fol lowing equat ions:  

dy dX (3.9) 
Y z = o =  AXz=o, - -  = A - -  

dz  z =  0 d z  z =  0 

Going around both singular points along the path 2 (Fig. 2) is equivalent to going around along path i~ 
Beginning at z = 0, we go around z = z I with the solutions Y along the right loop of path 2. This gives 
Y' = TY = TAX, By further going around z = - z  I with the solutions Y' along the left loop of the path and 
using (3.8), we have 

C = T A  TA  -~ (3.10) 

Subst i tut ing (3.10) into (3.6) g ives  

d e t A  ) ~ ' @ 1 = 0  

Final ly ,  using the s y m m e t r y  of the coef f i c ien t s  in Y and X [see  (8.4)], we have 

(3.11) 

t~, = _~U in z + . T .  , t  l ~.= _ _ 2  -- g + V'7(g -- 4) / dxl"~ (3.12) 2 - - g - -  ]/-g [g ---'~-~) ' g = (4~r)2 ~xl~-zJz= o 
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A s  can be s een  f r o m  (3.4), g(z 1) = 0 when z i = 0. Hence ,  to s a t i s f y  the  cond i t ion  # z  = 0 '  =/z we m u s t  
put l = 3. As can be seen  from the above is  a complex  function o f : , f L  @ and Sinceg  _ o--0 
and s i n c e  z 1 d e t e r m i n e s  the  d i s t a n c e  be tween  the po le s ,  i t  s e e m s  r e a s o n a b l e  to r e p r e s e n t  g in the  forlm=o~ a 
s e r i e s  in p o w e r s  o f  z~. A s s u m i n g  tha t  C k [ see  (3.4)] t h e m s e l v e s  depend  on zl ,  and g roup ing  t e r m s ,  we have  

c~ 

( -  l) ~ C~(z~) z~ ~" = "~o + vlz~ ~ + "~:r  + . . .  
k= 0  

o~ oo 03 

/r k=2 k~3  

Yon ----- ~ n (n _}_ 2) = ], Vln n(n-1-2) k-2 

(3.13) 

n--1 
t 

" ~  A_ 1 v~  = n (n + 2) 
~k=3 

%o = t,  Vl, = ~ a ~ o / 8 ,  v~3= 2/t5 Q~u 2 

p~ = --(3k - -  5)2 -(~>"), fi~ = --~2ao~, ~3 = - - 2 ~ u ~ ,  ~4 = ~"u2 

w h e r e  Vo, vl, u 2. . .  do not depend  on z 1. A n a l y s i s  of the  e x p r e s s i o n s  fo r  Yon , urn, V2n and n u m e r i c a l  c a l -  
c u l a t i o n s  show tha t  beginning  with  a c e r t a i n  n, Yon and the  n u m e r i c a l  c o e f f i c i e n t s  in Uln , ~2n d e c r e a s e  a s  n 
i n c r e a s e s  no m o r e  s l owly  than  the t e r m s  of  a g e o m e t r i c a l  p r o g r e s s i o n  with  a c o m m o n  r a t i o  of  1 /2 .  T h i s  
e n a b l e s  us,  when c a l c u l a t i n g  Vo, ul, u2, to conf ine  o u r s e l v e s  to  c e r t a i n  t e r m s  of  the  s e r i e s  and  to e s t i m a t e  
the  r e m a i n d e r .  We t h e r e b y  ob ta in  the  s e r i e s  

g = (4ur)~z14[t.7776 -~ f.601t~0~f12zl ~ + (0.5942a04~24 + t.2168f~u~)• z~4+...] (3.14) 

The  p r o c e d u r e  d e s c r i b e d  above  for  ob ta in ing  the  r e l a t i o n s h i p  be tw e e n  the  a s y m p t o t i c  s o l u t i o n s  can  be 

a p p l i e d  to the  m o r e  g e n e r a l  equa t ion  

d :  - -  z~ j L ~  + : - -  zl "~ + a + bz 2 ~]Y = O 
(3.15) 

w h e r e  Q1, Q2, Q3, at ,  a, and  b a r e  a r b i t r a r y  p a r a m e t e r s .  

4. F o r  Eq. (3.1) 

/~ /2 ) (4.1) 
2 ~. 1. 2 s, 6 = ~ - ~ ,  1 7  

We wi l l  i n v e s t i g a t e  ~'o F r o m  the  s y m m e t r y  p r o p e r t i e s  of  Ck(z 1) with r e s p e c t  to z 1 d e s c r i b e d  above ,  
and  a l so  f r o m  (3.4) and (3.12), i t  fo l lows  tha t  g >- 0 for  s = 0. Suppose  s = 0 and 0 -< g -< 4. T h e n  [ see  (3.12)] 
I n l  = 1, 0 -< a r g n  - 2~, and c o r r e s p o n d i n g l y  3/~ <_/2 -< 1, i . e . ,  for  the  g iven  v a r i a t i o n  in g the  v a r i a b l e  under  
t he  l o g a r i t h m  s ign  goes  a r o u n d  the  b r a n c h  po in t  of the  l o g a r i t h m  and t h i s  b r a n c h c h a n g e s  i n t o t h e  o the r .  Hence ,  
f o r g >  4 we m u s t  t ake  I n n +  i2~. Le t  s = 0  a n d g > - - 4 .  In t h i s  c a s e  I n l  > 1, a r g o =  0, and  t ak ing  the  above  
into a c c o u n t ~ '  = 1 + i r  w h e r e  $ >- 0. 

To choose  the  d i r e c t i o n  in which  to go a r o u n d  the  s i n g u l a r i t i e s  we a s s u m e  

In th i s  c a s e  we ob ta in  f r o m  (2~ us ing  Eqs .  8.334.2 of [4] 

t e - 2 ~  
1 D 1 2 = 4  c o : x ~ ' + s h ~ 6 '  tRl~ I D [ 2 ( q • 1 7 6 2 4 7  (4.2) 

A s i m p l e  check  of  t h e s e  equa t i ons  shows  tha t  for  3 / 4  -< ~' -- l w e  have  [R[ 2 + [ D[ 2 _ 1 when going 
a r o u n d  the s i n g u l a r i t y  in the  uppe r  h a l f - p l a n e  and I R 12 + I D 12 < 1 when going  a r o u n d  in the  l o w e r  h a l f -  
p l ane ,  so tha t  in both c a s e s  IRI 2 + IDI 2 = 1 only  for  # '  = 3 / 4 .  H e n c e  i t  fo l lows  tha t  a p h y s i c a l l y  c o r r e c t  
r e s u l t  i s  o b t a i n e d  by  going a r o u n d  the  s i n g u l a r i t i e s  in the  l o w e r  h a l f - p l a n e .  Thus  the  c o r r e c t  e x p r e s s i o n s  

fo r  R and D in the  g e n e r a l  c a s e  a r e  

D = (2~)-lei'~(~-l)r(1/2 + ~t' - -  ~l)r (1/2 - -  ~t' - -  ~1),~ R = De "-~(~-~:~> (4.3) 
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For  the case s = 0, g>- 4, (#' = 1 + ir using Eqs~ 8.331 and 8.332.2 of [4] we have from (4.3) 

[D 12 I 0.25--0p--~i) ~ e 2~ 
-- 2 0.25+(q~+6) ~ch2n,+ch2nS' IRI 2:lD[2ea=s 

If we a s s u m e  s = 0, and  '7 = 0 ( f  = f , / c o s  0o) , the  e x p r e s s i o n s  fo r  R and D f u r t h e r  s i m p l i f y  to 

2eosn~"' R = --iD (4.5) 

The quantity [FI 2 = 1 - I R  12 _ [ D 1 2 for s = 0 represents the relative fraction of the energy which is 
absorbed in the region of the pole. (As can be seen from (4.2), (4.4), and (4~ I F 12 = 0 only when~'=3/4)o 
Since it is in the region of the pole (e'  = 0, s = 0) that conversion of the electromagnetic wave into a plasma 
wave occurs (see [1]), for a wave of small amplitude the loss of energy in the region of the pole when s = 0 
is due to conversion~ On the other hand, such a pole occurs if we neglect the spatial dispersion, and con- 
sequently, in the limiting case it reflects the effect of the neglected terms. Hence, I F 12 for s = 0 can be 
regarded as the electromagnetic-plasma wave conversion factor. As can be seen from (1.1), (1.2), (1.3), 

(3.3), and (3.4), H x is finite at z = • whereas the quantities Ey and E z become infinite at these points as 
(z ~ zl)-1. 

It follows from the form of the asymptotic solutions and also from (4~ that the phase shift ~v between 
the ref lected and incident waves at the beginning of the layer  (z = - z  m) is given by 

z.~ 28 in 2~ {~- + ~T 7 arg F (1/2 + -- 'l) F (1/2 ~l) = 2~-~, -- 

Hence when using Eqo 8o362ol of [4] we can obtain the "group delay t ime" At**  from the re la t ion 

o o  c o  

5. As can be seen f rom the above discussion, a charac te r i s t ic  feature of problems involving a wave 
equation which has a f i r s t -  or second-order  pole, or, more  accurately,  a finite number of normal  singular 
points in a finite par t  of the z-plane, is the nonuniqueness of the resul ts .  This nonuniqueness can be e l i -  
minated in the general  case  in the following way~ A solution is chosen in the positive (negative) semiaxis  
z outside the region where all the poles of the equation are  studied. A further  circuit  is made around all 
these regions in the lower and upper half-planes on the negative (positive) semiaxis  z. These  paths, 
genera l ly  speaking, are  not equivalent. One of the paths is eliminated from physical considerat ions (for 
example, it gives I R I > 1 or ( IR 12 + ]DI2) > 1 etco)~ Thus R, D, etc., are  uniquely determined by the 
p a r a m e t e r s  of the wave equation. 

The author thanks R~ Zo Sagdeev for useful discussions,  and A. Ao Galeev and A. M. Fr idman for 
d iscuss ion of the resul ts .  
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